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Verdier quotients of stable quasi-categories
are localizations
Brad Drew
Abstract
The Verdier quotient T/S of a triangulated category T by a triangulated subcategory
S is defined by a universal property with respect to triangulated functors out of T.
However, T/S is in fact a localization of T, i.e., it is obtained from T by formally in-
verting a class of morphisms. We establish the analogous result for small stable quasi-
categories. As an application, we explore the compatibility of Verdier quotients with
symmetric monoidal structures. In particular, we record a few useful elementary re-
sults on the quasi-categories associated with symmetric monoidal differential graded
categories and derived categories of symmetric monoidal Abelian categories for which
we were unable to locate proofs in the literature.
Contents
1 Verdier quotients 5
2 Symmetric monoidal differential graded categories 7
3 Deriving Abelian categories 12
4 Generators 14
Introduction
In [Bei86, 3.4], A. Beilinson constructs a triangulated equivalence of the bounded derived
category Db(MHS
p
Q) of rational polarizable mixed Hodge structures with the derived cat-
egory Db
Hp,Q of rational polarizable mixed Hodge complexes, and this equivalence has
proved to be of fundamental importance in mixed Hodge theory. In [Dre15], we show that
this triangulated equivalence can be enhanced to an equivalence of symmetric monoidal
quasi-categories, thereby resolving several technical issues associated with the functorial-
ity of triangulated categories.
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In constructing this enhancement, however, we were unable to find proofs in the liter-
ature of some general results concerning the compatibility of Verdier quotients with sym-
metric monoidal structures and the passage from symmetricmonoidal differential graded
categories to symmetric monoidal quasi-categories. Specifically, Db
H
is the homotopy cate-
gory of a Drinfeld quotient of a certain pretriangulated differential graded category C by
a full pretriangulated differential graded subcategory A ⊆ C, which carries a symmetric
monoidal structure C⊗, which leads to the following questions:
• Does the symmetric monoidal structure C⊗ pass to the quasi-category Ndg(C) asso-
ciated with C?
• Is Ndg(C)
⊗ a stable symmetric monoidal quasi-category?
• Does the Verdier quotientNdg(C)/Ndg(A) ofNdg(C) byNdg(A) admit amore tractable
description than as a cofiber in the quasi-category of small stable quasi-categories?
• Does Ndg(C)/Ndg(A) inherit a natural symmetric monoidal structure?
The answer in each case, as we prove below, is affirmative. Of course, essentially none of
this is specific to the differential graded category of mixed Hodge complexes and these
questions are certain to arise in other contexts. Given the general utility of these elemen-
tary results, they have been collected here in the hopes that others may find them and
find uses for them.
Organization
In §1, we identify the Verdier quotient C/A of aU-small stable quasi-category C by a stable
sub-quasi-category A with the localization of C with respect to the class S of morphisms
whose cofibers belong to A (1.3). There are important properties easily established for
C[S−1], such as its compatibility with well-behaved symmetric monoidal structures, that
are otherwise difficult to prove directly for C/A; it is in such cases that the utility of 1.3
manifests itself. In §2, we consider the particular case of quasi-categories arising from
pretriangulated symmetric monoidal differential graded categories (2.6).
In §3, we specialize further to the case of the derived category of a well-behaved sym-
metric monoidal Abelian category. We also compare the construction of the bounded de-
rived quasi-category Db(A) of an Abelian category A as a Verdier quotient of the corre-
sponding quasi-category of bounded cochain complexes up to cochain homotopy equiv-
alence by the sub-quasi-category spanned by the acyclic complexes with that of the un-
bounded derived quasi-category D(Ind(A)) of the category Ind(A) of ind-objects of A as
the quasi-category corresponding to the injective model structure. Specifically, we show
that the former is a full sub-quasi-category of the latter when A is a Noetherian category
(3.5). In §4, we develop 3.5 further under the assumption that A is also of finite homolog-
ical dimension by characterizing the ℵ0-presentable objects ofD(Ind(A)) and by showing
that Ind(Db(A)) ≃D(Ind(A)) in this case.
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Notation and conventions
Grothendieck universes: We assume that each set is an element of a Grothendieck
universe. In particular, in the sequel, U ∈ V denote fixed Grothendieck universes such
that Set, Ab and Cat, the categories of U-sets, U-small Abelian groups and U-small cat-
egories, respectively, are V-small. All commutative rings and schemes will be U-small
unless context indicates otherwise.
Quasi-categories: We freely employ the language of quasi-categories and higher alge-
bra as developed in [Lur09, Lur14]. We call qcategory that which is elsewhere referred to
variously as “quasi-category”, “quategory”, “∞-category”, “(∞,1)-category” or “weak Kan
complex” ([Lur09, 1.1.2.4]). While some of the avant-garde have already dubbed them
simply “categories”, a vestigial silent “q” will, I hope, strike a balance between ambiguity
and polysyllabicism.
Categories qua qcategories: We regard all categories as qcategories by tacitly taking
their nerves. As justification for this convention, observe that the nerve functor N : Cat→
Set∆ is right Quillen with respect to the model structure on Cat whose weak equivalences
and fibrations are the equivalences of categories and the isofibrations, respectively, and
the Joyal model structure on the category Set∆ of simplicial U-sets, and the functor in-
duced between the qcategories underlying these model structures is fully faithful ([Joy08,
2.8]).
Functors: We say that a functor F : C → D between qcategories is U-continuous (resp.
U-cocontinuous) if it preserves U-limits (resp. U-colimits), i.e., limits (resp. colimits) of
U-small diagrams. We also write F ⊣ G to indicate that the functor F : C→D is left adjoint
to the functor G :D→ C ([Lur09, 5.2.2.1]).
Presentability: Let κ denote an infinite regular U-cardinal. We preserve the terminol-
ogy from the theory of 1-categories ([AR94]) and refer to an object X of a qcategory C as
κ-presentable if mapC(X, −) : C→ Spc preserves κ-filtered colimits, i.e., if it is “κ-compact”
in the sense of [Lur09, 5.3.4.5]. We say that the qcategory C is locally U-presentable (resp.
locally κ-presentable) if it is “presentable” (resp. “κ-compactly generated”) in the sense of
[Lur09, 5.5.0.18, 5.5.7.1].
Localization: If C is a U-small qcategory andW a class of morphisms of C, then there
exists a functor λ : C → C[W−1] with the universal property that, for each U-small qcate-
gory D, composition with λ induces a fully faithful functor Fun(C[W−1],D) →֒ Fun(C,D)
whose essential image FunW(C,D) is spanned by those functors that send each element
of W to an equivalence in D ([Lur14, 1.3.4.2]). We refer to λ or, abusively, C[W−1], as a
localization of C with respect to W. If λ admits a fully faithful right adjoint ι, then we say
that λ is a reflective localization of C. This applies in particular to the locally presentable
setting: if C is a locally U-presentable category and S is a U-set of morphisms of C, then
the localization λ : C → C[S−1] is reflective, the essential image of its right adjoint is the
full subqcategory spanned by the S-local objects, i.e., the objects X ∈ C such that, for each
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f ∈ S, the morphism mapC(f , X) is a weak homotopy equivalence, and C[S
−1] is locally
U-presentable ([Lur09, 5.5.4.15, 5.5.4.20]).
Symmetric monoidal qcategories: A symmetric monoidal qcategory is a coCartesian
fibration p : C⊗ → Fin∗ such that the morphisms ρ
i : 〈n〉 → 〈1〉 given by ρi (j ) := 1 if i = j
and ρi (j ) = ∗ if i , j induce functors ρi! : C
⊗
〈n〉 → C
⊗
〈1〉 which in turn induce equivalences
C
⊗
〈n〉 ≃ (C
⊗
〈1〉)
n ([Lur14, 2.0.0.7]). We systematically suppress the fibration p from the no-
tation, referring to “the symmetric monoidal qcategory C⊗”. We also refer to C := C⊗〈1〉 as
the qcategory underlying C⊗. Similarly, we use the notation F⊗ : C⊗ →D⊗ for a possibly lax
symmetric monoidal functor and F : C→D for the underlying functor.
Appealing to [Lur14, 2.4.2.6], the category CAlg(QCat×) of commutative algebra ob-
jects of QCat× is a convenient model for the qcategory of U-small symmetric monoidal
qcategories: its objects correspond to U-small symmetric monoidal qcategories and its
morphisms to symmetricmonoidal functors. Similarly, by [Lur11, 5.4.7] and [Lur14, 4.8.1.9],
QCatEx admits a symmetric monoidal structure QCatEx,⊗ such that CAlg(QCatEx,⊗) models
the qcategory of U-small stable qcategories.
Qcategories underlying model categories: Essentially all the model categories ap-
pearing in the sequel will prove to be U-combinatorial, i.e., cofibrantly generated model
categories with locally U-presentable ([Bek00, 1.8], [Lur09, §A.2.6], [Bar10, 1.21]) under-
lying categories.
If M is a U-combinatorial model category and W is its class of weak equivalences,
then its underlying qcategory M[W−1] is locally U-presentable ([Lur14, 1.3.4.15, 1.3.4.16]).
If M⊗ is a symmetric monoidal U-combinatorial model category, then it admits an under-
lying locally U-presentable symmetric monoidal qcategoryM[W−]⊗ ([Lur14, 4.1.3.6, 4.1.4.8]).
Strictly speaking, the qcategory underlying the symmetric monoidal qcategory M[W−1]⊗
is defined to be the full subqcategory of M[W−1] spanned by the cofibrant objects of M,
but the inclusion of this full subqcategory is an equivalence as each object ofM is weakly
equivalent to a cofibrant object.
Notation:While we maintain most of the notations of [Lur09, Lur14], the following list
specifies the notable deviations therefrom and other frequently recurring symbols.
Cℵ0 the full subqcategory of C spanned by the ℵ0-presentable objects
([Lur09, 5.3.4.5])
C× the Cartesian symmetric monoidal structure on the qcategory C
([Lur14, 2.4.1.1])
C[W−1] a localization of the qcategory C with respect to the class of
morphismsW ([Lur14, 1.3.4.1])
Ab the category of U-small Abelian groups
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CAlg(C⊗) the qcategory of commutative algebras in the symmetric monoidal
qcategory C⊗ ([Lur14, 2.1.3.1])
FunS(C,D) the full subqcategory of Fun(C,D) spanned by the functors that send
each element of the set S of morphisms of C an equivalence inD
Fun⊗(C⊗,D⊗) the qcategory of symmetric monoidal functors F⊗ : C⊗ →D⊗ ([Lur14,
2.1.3.7])
hr the degree r cohomology functor t≤rt≥r : C→ C♥ of a t-structure on
the stable qcategory C ([Lur14, 1.2.1.4])
ho(C) the homotopy category of the qcategory C ([Lur09, 1.2.3])
Ind(C) the ind-completion of the qcategory C ([Lur09, 5.3.5.1])
mapC(X, Y) the mapping space between two objects X and Y of the qcategory C
([Lur09, 1.2.2])
ModA(C) the qcategory of modules over A ∈ CAlg(C
⊗) ([Lur14, 4.5.1.1])
N(C) the nerve of the category C
Ndg(C), Ndg(C) two constructions of the differential graded nerve of the differential
graded category C ([Lur14, 1.3.1.6, 1.3.1.16])
N∆(C) the simplicial nerve of the simplicial category C ([Lur09, 1.1.5.5])
QCat the qcategory of U-small qcategories ([Lur09, 3.0.0.1])
QCatEx the qcategory of U-small stable qcategories and exact functors
([Lur14, §1.1.4])
Set∆ the category of simplicial U-sets
Spc the qcategory of U-small spaces, i.e., the qcategory underlying the
model structure on Set∆ whose weak equivalences and fibrations are
the weak homotopy equivalences and the Kan fibrations,
respectively ([Lur09, 1.2.16.1])
t≤r , t≥r the truncations of a cohomological t-structure on a stable qcategory
C
U ∈ V fixed Grothendieck universes
1 Verdier quotients
Motivation. If C⊗ is a symmetric monoidal qcategory andW a class of morphisms of C
such that idX⊗f ∈W for each f ∈W and each X ∈ C, then one can promote the localization
λ : C → C[W−1] to a symmetric monoidal functor ([Lur14, 4.1.3.4]). If, however, C⊗ is
a stable symmetric monoidal qcategory, it is perhaps more natural to ask if the Verdier
quotient q : C → C/A of C by a stable subqcategory A underlies a symmetric monoidal
functor. As we show in 1.3, Verdier quotients are in fact localizations with respect to
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certain classes of morphisms. Thus, the compatibility of a symmetric monoidal structure
with a given Verdier quotient is equivalent to its compatibility with the corresponding
localization.
The analogue of this useful result identifying Verdier quotients with localizations is
well known in the setting of triangulated categories ([Ver96, Chapitre II, 2.2.11]). An ana-
logue of this statement for certain Verdier quotients of stable, locally U-presentable qcat-
egories was established by A. Blumberg, D. Gepner and G. Tabuada in [BGT13, 5.7]. The
proof of 1.3 consists of passing to the locally U-presentable setting of [BGT13, 5.7] by
taking ind-completions and verifying that this process is compatible with Yoneda embed-
dings.
Summary. Lemma 1.2 is a general result concerning the compatibility of ind-completions
with localizations. It allows us to prove the key result of this section, Theorem 1.3, which
in turn resolves the aforementioned problem of compatibility between Verdier quotients
and symmetric monoidal structures (1.4).
Definition 1.1. If C is a U-small stable qcategory and ι :A →֒ C the inclusion of a stable
subqcategory, then the Verdier quotient C/A of C byA is the cofiber cofib(ι) in the qcategory
QCatEx of U-small stable qcategories and exact functors.
Lemma 1.2. Let C be a U-small qcategory, S a set of morphisms of C and T the image of S
under the Yoneda embedding C →֒ Ind(C). The canonical functor Ind(C[S−1])→ Ind(C)[T−1]
is an equivalence.
Proof. If A and B are qcategories admitting ℵ0-filtered U-colimits, let Fun
ℵ0(A,B) ⊆
Fun(A,B) denote the full subqcategory spanned by the functors F : A → B preserving
ℵ0-filtered U-colimits. If A and B are qcategories and W is a class of morphisms of
A, we let FunW(A,B) ⊆ Fun(A,B) denote the full subqcategory spanned by the func-
tors F : A → B that send each element of W to an equivalence of B. We also define
Fun
ℵ0
W (A,B) := Fun
ℵ0(A,B) ∩ FunW(A,B) when the latter is defined. For each locally
U-presentable qcategory D, we have natural equivalences
Funℵ0(Ind(C[S−1]),D) ≃ Fun(C[S−1],D) ≃ FunS(C,D)
≃ Fun
ℵ0
T (Ind(C),D) ≃ Fun
ℵ0(Ind(C)[T−1],D).
As Ind(C[S−1]) and Ind(C)[T−1] thus corepresent the same functor, they are equivalent.
Theorem 1.3. Let ι : A →֒ C denote the inclusion of a stable subqcategory of the U-small
stable qcategory C and S the U-set of morphisms f : X → Y of C such that cofib(f ) ∈ A. The
canonical functor φ : C[S−1]→ C/A is an equivalence. In particular, C[S−1] is stable.
Proof. The canonical functor pi : C → C/A sends each element of S to an equivalence: a
morphism of a stable qcategory is an equivalence if and only if its cofiber is a zero object.
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Applying this observation and the universal property of the localization C[S−1], we obtain
the functor φ. We have a homotopy commutative square
C[S−1]
φ
//
 _

C/A _

Ind(C[S−1])
Ind(φ)
∼
// Ind(C/A)
in which the vertical arrows are the Yoneda embeddings and Ind(φ) is an equivalence
by 1.2 and [BGT13, 5.7, 5.13], so φ is fully faithful. Since pi is essentially surjective and
factors though φ, φ is also essentially surjective.
Corollary 1.4. Let C⊗ be aU-small stable symmetric monoidal qcategory, ι :A →֒ C a stable
subqcategory such that C ⊗ A ∈ A for each C ∈ C and each A ∈ A, and pi : C → C/A the
canonical functor. Then pi underlies an exact symmetric monoidal functor pi⊗ : C⊗ → (C/A)⊗
such that, for each symmetric monoidal qcategoryD, the induced functor Fun⊗((C/A)⊗,D⊗)→
Fun⊗(C⊗,D⊗) is fully faithful and its essential image is spanned by the symmetric monoidal
functors F⊗ sending each object of A to a zero object.
Proof. With S as in 1.3, (−) ⊗ (−) sends elements of S to equivalences separately in each
variable by hypothesis. The claim follows from 1.3 and [Lur14, 4.1.3.4].
Definition 1.5. With the notation and hypotheses of 1.4, we refer to pi⊗ : C⊗ → (C/A)⊗
as a symmetric monoidal Verdier quotient of C⊗ by A.
2 Symmetric monoidal differential graded categories
Motivation. There is a natural notion of a symmetric monoidal differential graded cat-
egory, to wit, a differential graded category C equipped with a differential graded tensor
product bifunctor (−)⊗ (−) and unit, associativity and commutativity constraints with re-
spect to which it becomes a commutative monoid C⊗ in the symmetric monoidal category
dgCat⊗Λ of differential graded categories (2.1(vi)). As mentioned in [BV08, 1.9.1], however,
this structure is too rigid to be compatible with Drinfeld quotients of differential graded
categories. In this section, we present a solution to this difficulty by applying results of
G. Faonte ([Fao15]) and V. Hinich ([Hin15]) to construct a symmetric monoidal qcategory
underlying C⊗ and applying 1.4 to conclude that, under fairly general assumptions, if C is
pretriangulated andA ⊆ C a pretriangulated differential graded subcategory, then the cor-
responding Verdier quotient of its underlying qcategory inherits a symmetric monoidal
structure from C⊗.
Summary. In 2.1 and 2.2, we recall some terminology for differential graded categories
and, following [Fao15], remark that the differential graded nerve of a pretriangulated
7
differential graded category is a stable qcategory. In 2.4, 2.5, we develop an observation
of [Hin15] concerning the compatibility of the differential graded nerve with symmet-
ric monoidal structures. This allows us to apply 1.4 to construct the desired symmetric
monoidal Verdier quotients under suitable hypotheses. In 2.7, we record for future use
the observation that, if C⊗ is a symmetric monoidal differential graded category, then the
localization functor Z0(C) → H0(C) (2.1(ii),(iii)) can be lifted to a symmetric monoidal
functor from Z0(C)⊗ to Ndg(C)
⊗, the differential graded nerve of C with the symmetric
monoidal structure of 2.6.
Definition 2.1. Let Λ be a unital commutative ring.
(i) We let dgCatΛ denote the category of U-small Λ-linear differential graded categories
andΛ-linear differential graded functors, i.e., the category ofU-small categories enriched
in Cpx(ModΛ(Ab)). Given an objectC ∈ dgCatΛ, we let hom
•
C
(−, −) : Cop×C→ Cpx(ModΛ(Ab))
denote Cpx(ModΛ(Ab))
⊗-enriched hom-object bifunctor and, for each n ∈ Z, we let homn
C
(−, −) :
C
op ×C→ModΛ(Ab) denote the component of hom
•
C
(−, −) of degree n.
(ii) The underlying category Z0(C) of C ∈ dgCatΛ is the category with the same objects
as C and morphisms given by morZ0(C)(C, C
′) := ker(hom0
C
(C, C′)→ hom1
C
(C, C′)), i.e., the
closed morphisms of degree zero. Note that the category Z0(C) carries a natural Λ-linear,
i.e.,ModΛ(Ab)
⊗-enriched, structure.
(iii) The homotopy category H0(C) of C ∈ dgCatΛ is the category with the same objects
as C andmorphisms given bymorH0(C)(C, C
′) := h0hom•
C
(C, C′). EachΛ-linear differential
graded functor F : C→D induces a functor H0F : H0(C)→H0(D).
(iv) A Λ-linear differential graded functor F : C→D is homotopically fully faithful if it
induces a quasi-isomorphism hom•
C
(C, C′)
F
−→ hom•
D
(FC, FC′) for each (C,C′) ∈ C2.
(v) A Λ-linear differential graded functor F : C → D is a Dwyer-Kan equivalence if it
is homotopically fully faithful and H0F is essentially surjective. We let WDK denote the
class of Dwyer-Kan equivalences in dgCatΛ.
(vi) The category dgCatΛ inherits a symmetricmonoidal structure, denoted by dgCat
⊗
Λ,
from Cpx(ModΛ(Ab))
⊗ in which the tensor product C⊗D of two objects is the Λ-linear
differential graded category whose class of objects is the product C×D with
hom•
C⊗D((C,D), (C
′,D′)) := hom•
C
(C, C′)⊗hom•
D
(D, D′)
and with composition given by (g ⊗ g ′)(f ⊗ f ′) := (−1)deg(g
′)deg(f )(gf ) ⊗ (g ′f ′). A Λ-linear
symmetric monoidal differential graded category (resp. functor) is an object (resp. morphism)
of CAlg(dgCat⊗Λ).
(vii) As explained in [Lur14, 1.3.1.6, 1.3.1.11, 1.3.1.20], there is a differential graded
nerve functor Ndg : dgCatΛ[W
−1
DK] → QCat which assigns to each Λ-linear differential
graded category C a qcategory Ndg(C) such that, in particular, H
0(C) ≃ ho(Ndg(C)).
We now recall a useful variant of Ndg, which we denote by Ndg : dgCatΛ[W
−1
DK] →
QCat and which will allow us to obtain stable symmetric monoidal qcategories from Λ-
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linear pretriangulated symmetric monoidal differential graded categories. This functor
Ndg is implicit in [Lur14, 1.3.1.16] and also studied in [Hin15, §3.2] and [Fao15]. By
[Lur14, 1.3.1.17], for each C ∈ dgCatΛ, there is an equivalenceNdg(C)→Ndg(C) and hence
H0(C) ≃ ho(Ndg(C)).
We have a sequence of lax symmetric monoidal right adjoint functors
Cpx(ModΛ(Ab))
⊗ t
≤0,⊗
−−−→ Cpx≤0(ModΛ(Ab))
⊗ N
⊗
−−→ sModΛ(Ab)
⊗ υ
⊗
−−→ Set×∆,
where t≤0 is the truncation functor sending a cochain complex M to the cochain complex
· · · →M−2
d−2
−−→M−1
d−1
−−→ ker(d0)→ 0→ 0→ ·· · ,
N is half of the Dold-Kan correspondence and υ is the forgetful functor. The composite
lax monoidal functor induces a functor from the category of U-small Cpx(ModΛ(Ab))
⊗-
enriched categories, i.e., dgCatΛ, to that of U-small Set
×
∆-enriched categories. Unwinding
the construction, one sees that this functor sends Dwyer-Kan equivalences of differen-
tial graded categories to Dwyer-Kan equivalences of Set×∆-enriched categories. The Set
×
∆-
category obtained from a sModΛ(Ab)
⊗-category is necessarily fibrant ([Lur09, 1.1.5.5])
and composing with the simplicial nerve functor N∆ therefore provides a functor Ndg :
dgCatΛ[W
−1
DK]→ QCat.
(viii) An object C ∈ dgCatΛ is pretriangulated if its image under the Cpx(ModΛ(Ab))
⊗-
enriched Yoneda embedding is stable up to homotopy equivalence under translations and
mapping cones of closed morphisms of degree zero. We let dgCat
pretr
Λ ⊆ dgCatΛ denote
the full subcategory spanned by the pretriangulated differential graded categories and
we abusively let dgCat
pretr
Λ [W
−1
DK] denote its localization with respect to dgCat
pretr
Λ ∩WDK.
By [BK91, Proposition 1], if C is pretriangulated, H0(C) admits a natural triangulated-
category structure. The distinguished triangles are given by the cofiber sequences, i.e., the
sequences of the form X
f
−→ Y → cone(f ) → X[1], with f : X → Y a closed morphism of
degree zero.
Theorem 2.2 ([Fao15, 4.3.1]). If K is a field, thenNdg induces a functor dgCat
pretr
K
[W−1DK]→
QCatEx and, for each C ∈ dgCat
pretr
K
, the equivalence H0(C) ≃ ho(Ndg(C)) underlies an equiva-
lence of triangulated categories.
Proof. By [Fao15, 4.3.1], for eachC ∈ dgCat
pretr
K
, the qcategoryNdg(C) is stable andH
0(C) is
ho(Ndg(C)) are equivalent as triangulated categories. To show thatNdg : dgCat
pretr
K
→ QCat
factors through QCatEx → QCat, it suffices to check that it sends each morphism F : C →
D of dgCat
pretr
K
to an exact functor, i.e., that Ndg(F) preserves zero objects and cofiber
sequences. As explained in the proof of [Fao15, 4.3.1], zero objects and cofiber sequences
in C (resp. D) induce zero objects and cofiber sequences in Ndg(C) (resp. Ndg(D)). Since
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F preserves zero objects and mapping cones, it follows that Ndg(F) preserves zero objects
and cofiber sequences.
Lemma 2.3. Let K be a field. The projective model structure ([Hov99, 2.3.11]) on the category
Cpx(ModK(Ab)) equals the injective model structure ([Hov99, 2.3.13]), which is therefore sym-
metric monoidal and satisfies the monoid axiom ([SS00, 3.3]).
Proof. The weak equivalences and fibrations of the projective model structure are the
quasi-isomorphisms and the epimorphisms, respectively. By [Hov99, 2.3.9], a morphism
f of Cpx(ModK(Ab)) is a projective cofibration if and only if it is a degreewise split
monomorphism with cofibrant cokernel. Each monomorphism of K-modules splits as K
is a field. Also, each K-module is projective and each acyclic complex of K-modules is
contractible, so [BMR14, 9.4] shows that each object of Cpx(ModK(Ab)) is cofibrant. This
shows that the projective cofibrations are precisely the injective cofibrations,which proves
the first claim. By [Hov99, 4.2.13], the injective model structure is therefore symmetric
monoidal. The monoid axiom follows from the pushout-product axiom, since each object
is cofibrant in the injective model structure ([SS00, 3.4]).
Theorem 2.4 ([Hin15, §3]). Let K be a field.
(i) The qcategory dgCatK[W
−1
DK] inherits a symmetric monoidal structure from dgCat
⊗
K
.
(ii) The functor Ndg underlies a lax symmetric monoidal functor N
⊗
dg : dgCatK[W
−1
DK]
⊗ →
QCat×.
(iii) In particular, N
⊗
dg induces a functor CAlg(dgCatK[W
−1
DK]
⊗)→ CAlg(QCat×).
Proof. By 2.3, the enriched hom-objects of each K-linear differential graded category are
projectively cofibrant. Following [Hin15, 3.1.2], we observe that tensor products preserve
all Dwyer-Kan equivalences separately in each variable. Assertion (i) now follows from
[Lur14, 4.1.3.4] and assertion (ii) is explained in [Hin15, 3.2.2]. Assertion (iii) follows
from (ii): lax symmetric monoidal functors induce functors between qcategories of com-
mutative algebra objects.
Proposition 2.5. Let K be a field and F⊗ : C⊗ → D⊗ a morphism of CAlg(dgCat⊗K) such
that C and D are pretriangulated. Then Ndg(F)
⊗ :Ndg(C)
⊗ →Ndg(D)
⊗ is an exact symmetric
monoidal functor between U-small stable symmetric monoidal qcategories.
Proof. By 2.4, F⊗ induces a morphism Ndg(F)
⊗ of CAlg(QCat×). Under the given hypothe-
ses, we claim that Ndg(F)
⊗ is in fact a morphism of CAlg(QCatEx,⊗) ([Lur11, 5.4.7], [Lur14,
4.8.1.9]), i.e., an exact symmetric monoidal functor between stable symmetric monoidal
qcategories or, equivalently, that:
(i) Ndg(F) preserves finite colimits;
(ii) for each 〈n〉 ∈ Fin∗, the qcategories Ndg(C)
⊗
〈n〉 and Ndg(D)
⊗
〈n〉 are stable; and
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(iii) tensor products in Ndg(C)
⊗ and Ndg(D)
⊗ preserve finite colimits separately in
each variable.
By 2.2, Ndg(F) is an exact functor between stable qcategories, which proves (i). Also, U-
products of stable qcategories are stable ([Lur14, 1.1.4.3]) and, by definition of a symmet-
ric monoidal qcategory ([Lur14, 2.0.0.7]),Ndg(C)
⊗
〈n〉 andNdg(D)
⊗
〈n〉 are both finite products
of copies of Ndg(C) and Ndg(D), respectively, hence stable, proving (ii). For each object
X of C (resp. D), X ⊗ (−) is a K-linear differential graded endofunctor of C (resp. D).
Unwinding the construction of N
⊗
dg, the endofunctor X ⊗ (−) of Ndg(C) (resp. Ndg(D)) is
obtained from this differential graded endofunctor by applyingNdg, so 2.2 implies that it
too preserves finite colimits, proving (iii).
Corollary 2.6. Let K be a field, C⊗ ∈ CAlg(dgCat⊗K) such that C is pretriangulated, and
A ⊆ C a pretriangulated full differential graded subcategory such that C⊗A ∈A for each C ∈ C
and each A ∈ A. The differential graded nerve Ndg(C) inherits a stable symmetric monoidal
structure Ndg(C)
⊗ from C⊗ and the symmetric monoidal Verdier quotient (1.5) of Ndg(C)
⊗ by
Ndg(A) exists.
Proof. That Ndg(C)
⊗ ∈ CAlg(QCatEx,⊗) follows from 2.5 applied to the identity idC⊗ . By
2.2, the inclusionA →֒ C induces an exact functor Ndg(C)→Ndg(C), which is fully faith-
ful as it is fully faithful on the corresponding homotopy categories ([BGT13, 5.10]). The
symmetric monoidal Verdier quotient therefore exists by 1.4.
Proposition 2.7. Let K be a field, C⊗ ∈ CAlg(dgCat⊗K). There exists a symmetric monoidal
functor pi : Z0(C)⊗ → Ndg(C)
⊗ inducing the usual localization functor Z0(C)→ H0(C) at the
level of homotopy categories.
Proof. Let ι0 : ModK(Ab) → Cpx(ModK(Ab)) denote the functor assigning to each K-
module to the corresponding cochain complex concentrated in degree zero. Then ι0 is
left adjoint to the functor Z0 sending the cochain complex K := (K•,d•) to the K-module
Z0(K) := ker(d0 : K0 → K1). We can also naturally promote ι0 to a symmetric monoidal
functor ι0,⊗ :ModK(Ab)
⊗ → Cpx(ModK(Ab))
⊗.
By [Cru09, 4.3.1], ι0 ⊣ Z0 induces a 2-adjunction ι0∗ : ModK(Ab)
⊗ -Cat⇄ dgCatK : Z
0
∗
between the 2-category of U-small ModK(Ab)
⊗-enriched categories and the 2-category
dgCatK. Unwinding the definitions, for eachK-linear categoryA, ι
0
∗A has the same objects
asA and its hom-objects are given by hom•ι0∗A
(A, A′) := ι0homA(A, A
′), where homA(A, A
′)
denotes the K-module of morphisms from A to A′ inA, and Z0∗C is the K-linear category
Z0(C) underlying C. The counit of the adjunction ι0∗ ⊣ Z
0
∗ provides us with a K-linear
differential graded functor ι0∗Z
0
∗C = ι
0
∗Z
0(C)→ C.
Note thatModK(Ab)
⊗ -Cat admits a symmetric monoidal structure: for each pair of ob-
jects (A,B), their tensor productA⊗B is theK-linear category with objects given by pairs
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(A,B) ∈ A ×B and with hom-objects given by homA⊗B((A,B), (A
′ ,B′)) := homA(A, A
′) ⊗
homB(B, B
′). With this definition, ι0∗ underlies a symmetric monoidal functor. It follows
that, for C⊗ ∈ CAlg(dgCat⊗
K
), we may promote the K-linear differential graded functor
ι0∗Z
0(C) → C to a symmetric monoidal K-linear differential graded functor. By 2.4(iii),
we have a symmetric monoidal functor Ndg(ι
0
∗Z
0(C))⊗ → Ndg(C)
⊗. It remains to observe
that, unwinding the construction of Ndg described in 2.1(vii), we have Ndg(ι
0
∗Z
0(C))⊗ =
Z0(C)⊗.
3 Deriving Abelian categories
Motivation. Let A⊗ be a symmetric monoidal Abelian category whose tensor prod-
uct is exact in each variable. The bounded derived category Db(A) inherits a symmet-
ric monoidal structure from A⊗. In this section, we construct an enhancement of this
symmetric monoidal triangulated category, i.e., a stable symmetric monoidal qcategory
Db(A)⊗ whose homotopy category recovers Db(A)⊗ and which enjoys a suitable universal
property in this regard.
There are natural situations in which the qcategory Db(A) is simply too small for a
given construction to work and one is obliged to embed it into a larger qcategory to avoid
this obstacle. For instance, the Adjoint Functor Theorem ([Lur09, 5.5.2.9]) only applies to
locallyU-presentable qcategories. We therefore also study the compatibility of the Verdier
quotient Db(A) with the unbounded derived category D(Ind(A)) of its ind-completion.
Under a mild finiteness hypothesis on A, the Yoneda embedding induces a fully faithful
(symmetric monoidal) functor Db(A)(⊗) →֒D(Ind(A))(⊗).
Summary. In Definition 3.1, we define the bounded cochain and derived qcategories ofA.
Proposition 3.2 equips Db(A) with a symmetric monoidal structure enjoying the correct
universal property. After recalling in Definition 3.3 the notions of Grothendieck Abelian
categories and the injective model structure on unbounded complexes in such categories,
we mention in Lemma 3.4 a sufficient condition for the unbounded derived qcategory
of a Grothendieck Abelian category to inherit a symmetric monoidal structure. Propo-
sition 3.5 provides sufficient conditions for the (symmetric monoidal) bounded derived
qcategory Db(A)(⊗), constructed as a Verdier quotient, to be compatible with the (sym-
metric monoidal) unbounded derived category D(Ind(A))(⊗) of the ind-completion of A,
constructed as the (symmetric monoidal) qcategory underlying the injective model struc-
ture on Cpx(Ind(A))(⊗).
Definition 3.1. Let A be a U-small Abelian category.
(i) The category Cpxb(A) (resp. Cpx(A)) of bounded (resp. unbounded) cochain com-
plexes inA is aU-small differential graded category. Its differential graded nerveKb(A) :=
Ndg(Cpx
b(A)) (resp. K(A) := Ndg(Cpx(A))), as defined in [Lur14, 1.3.1.6, 1.3.4.5], is a sta-
ble qcategory ([Lur14, 1.3.2.10]) and its homotopy category is the usual bounded (resp.
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unbounded) cochain homotopy category of A ([Lur14, 1.3.1.11]).
(ii) Let ι : Ac(A) →֒ Kb(A) denote the inclusion of the full subqcategory spanned
by the acyclic complexes. The bounded derived qcategory of A is the Verdier quotient
Db(A) := Kb(A)/Ac(A). By 1.3, the homotopy category of Db(A) is the usual bounded
derived category of A.
(iii) SupposeA⊗ is a symmetric monoidal structure onA. Then Cpxb(A) (resp. Cpx(A))
inherits a symmetric monoidal structure given informally by
(K⊗ L)n :=
⊕
r∈Z
(Kr ⊗ Ln−r), d(x⊗ y) := d(x)⊗ y + (−1)deg(x)x⊗d(y).
By [Lur14, 1.3.4.5, 4.1.3.4], there is a canonical symmetric monoidal structure Kb(A)⊗
with respect to which the localization Cpxb(A)⊗ → Kb(A)⊗ is symmetric monoidal, and
similarly for Cpx(A)⊗ →K(A)⊗.
(iv) In particular, in the setting of (iii), if (−)⊗ (−) is exact separately in each variable,
K and L are two bounded-above cochain complexes inA and L is acyclic, then K⊗L, being
the total complex of a double complex with acyclic columns and bounded diagonals, is
acyclic.
Proposition 3.2. If A⊗ is a U-small symmetric monoidal Abelian category in which (−)⊗ (−)
is exact separately in each variable, then there exists a symmetric monoidal Verdier quotient
Db(A)⊗ of Kb(A)⊗ by Ac(A).
Proof. Observe that (−)⊗(−) preservesAc(A) separately in each variable and apply 1.4.
Definition 3.3. Let A be a locally U-small Abelian category.
(i) The category A is U-Grothendieck Abelian if it is an Abelian, locally U-presentable
category in which ℵ0-filtered U-colimits preserve finite limits. By [Bek00, 3.10], this is
equivalent to the classical definition as an AB5 category with a generator. If A is essen-
tially U-small, then its ind-completion Ind(A) is U-Grothendieck Abelian.
(ii) If A is U-Grothendieck Abelian, then Cpx(A) admits a U-combinatorial model
structure ([Lur09, A.2.6.1]) whose cofibrations and weak equivalences are the monomor-
phisms and quasi-isomorphisms, respectively ([Bek00, 3.13]), called the injective model
structure and denoted by Cpx(A)inj. Its homotopy category is the unbounded derived
category of A. Let D(A) denote the stable, locally U-presentable qcategory underlying
Cpx(A)inj ([Lur14, 1.3.4.22]).
(iii) If A is essentially U-small and A⊗ is a symmetric monoidal structure such that
(−)⊗(−) is exact separately in each variable, then there is a canonical symmetric monoidal
structure Ind(A)⊗ such that the Yoneda embeddingA⊗ →֒ Ind(A)⊗ is symmetric monoidal
and (−)⊗ (−) is exact and U-cocontinuous separately in each variable on Ind(A) ([SGA72,
Exposé I, 8.9.8], [Lur14, 4.8.1.13]).
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(iv) An object A ∈ A is Noetherian if each set of subobjects of A contains a maximal
element, and A is Noetherian if each of its objects is Noetherian.
Lemma 3.4. LetA⊗ be aU-cocomplete symmetric monoidal Abelian category such that (−)⊗(−)
is exact and U-cocontinuous separately in each variable and such that ℵ0-filtered U-colimits
are exact. Then (−)⊗ (−) preserves quasi-isomorphisms in Cpx(A)⊗ separately in each variable.
Proof. Let K ∈ Cpx(A). The additive endofunctor K⊗ (−) of Cpx(A) preserves cochain ho-
motopy equivalences and therefore induces a triangulated endofunctor of ho(K(A)). It
therefore suffices to show that K ⊗ (−) preserves acyclic complexes. Suppose L ∈ Cpx(A)
is acyclic. Write K ≃ colimr∈Z t
≤rK and L ≃ colims∈Z t
≤sL as ℵ0-filtered colimits of their
truncations with respect to the natural t-structure. These are bounded above and t≤sL
is acyclic for each s ∈ Z. The claim follows from the hypotheses, 3.1(iv) and the isomor-
phisms K⊗ L≃ (colimr∈Z t
≤rK)⊗ (colims∈Z t
≤sL) ≃ colimr∈Z colims∈Z(t
≤rK⊗ t≤sL).
Proposition 3.5. Let A be an essentially U-small Abelian category.
(i) The Yoneda embedding A →֒ Ind(A) induces an exact functor ι :Db(A)→D(Ind(A)).
(ii) If A is Noetherian, then ι is fully faithful and its essential image is spanned by the
cohomologically bounded cochain complexes whose cohomology objects belong to the essential
image of the Yoneda embedding A →֒ Ind(A).
(iii) If A⊗ is a symmetric monoidal structure on A such that (−)⊗ (−) is exact separately in
each variable, then ι underlies a symmetric monoidal functor.
Proof. The natural functor Cpxb(A) → Cpx(Ind(A)) preserves cochain homotopy equiva-
lences and quasi-isomorphisms, whence a functor ι, which is exact by [Lur14, 1.4.2.14].
The induced triangulated functor ho(ι) : ho(Db(A))→ ho(D(Ind(A))) is the derived func-
tor of the Yoneda embedding A →֒ Ind(A) by construction, so (ii) follows from [Hub93,
2.2] and [BGT13, 5.10]. Finally,D(Ind(A)) inherits a symmetric monoidal structure from
Cpx(Ind(A))⊗ by 3.4, and 1.4 provides a canonical symmetric monoidal functorDb(A)⊗ →
D(Ind(A))⊗, whose underlying functor must, by the universal property of the Verdier quo-
tientDb(A), be equivalent to ι.
4 Generators
Motivation. We continue our study of derived qcategories of Abelian categories, specifi-
cally considering the problem of identifying the ℵ0-presentable objects of the unbounded
derived qcategoryD(Ind(A)) of the ind-completion of aU-small Abelian category A. If, in
addition to assuming that A is Noetherian, we impose a rather strong finiteness hypothe-
sis, namely, a uniform bound on the homological dimension of the objects of A, then the
essential image of the fully faithful embedding Db(A) →֒ D(Ind(A)) is the full subqcat-
egory D(Ind(A))ℵ0 spanned by the ℵ0-presentable objects. This provides an equivalence
Ind(Db(A)) ≃D(Ind(A)).
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Summary. We begin by defining the homological dimensions of an object A ∈ A and of
A itself (4.1), and explaining the relevance of homological dimension to questions of pre-
sentability in the derived qcategory (4.2, 4.3, 4.5). In Proposition 4.6, we construct the
desired equivalence Ind(Db(A)) ≃D(Ind(A)) assuming A is Noetherian of finite homolog-
ical dimension. Corollary 4.7 shows that, if A⊗ is moreover symmetric monoidal and each
of its objects is ⊗-dualizable, then the ℵ0-presentable objects of D(Ind(A)) are precisely
the ⊗-dualizable ones.
Definition 4.1. Let A be an Abelian category. We define the homological dimension of A ∈
A to be hdim(A) := sup
{
n ∈ Z≥0 | ∃B ∈ A [ext
n
A
(A, B) , 0]
}
∈ Z≥0 ∪ {∞} and the homological
dimension of A to be hdim(A) := sup{hdim(A) | A ∈ A} ∈ Z≥0 ∪ {∞}.
Lemma 4.2. Let A be an essentially U-small Abelian category, A ∈ A and n ∈ Z. If A is Noethe-
rian and hdim(A) < n, then extn
Ind(A)
(A, B) = 0 for each B ∈ Ind(A).
Proof. Abelian categories are idempotent complete, so the Yoneda embeddingA →֒ Ind(A)
identifies A with the full subcategory Ind(A)ℵ0 ⊆ Ind(A) spanned by the ℵ0-presentable
objects. Indeed, [Lur09, 5.4.2.4] identifies Ind(A)ℵ0 with the idempotent completion of
A and [Lur09, 5.1.4.9] shows that the idempotent completion is essentially unique. It fol-
lows that Ind(A)ℵ0 is Abelian and Ind(A) is locallyU-coherent in the sense of [LV06, §2.2],
i.e., it admits U-set of ℵ0-presentable generators and the full subcategory spanned by ℵ0-
presentable objects is Abelian. We may therefore apply [LV06, 6.34], which implies that
extr
Ind(A)(A, −) : Ind(A)→Ab preserves ℵ0-filtered U-colimits for each r ∈ Z≥0.
Let B ∈ Ind(A). By definition of Ind(A), B ≃ colimγ∈Γ Bγ for some U-small ℵ0-filtered
diagram γ 7→ Bγ : Γ→A. We now have
extn
Ind(A)(A, B) ≃ ext
n
Ind(A)(A, colimγ∈Γ
Bγ) ≃ colim
γ∈Γ
extn
Ind(A)(A, Bγ) = 0,
since extnA(A, Bγ) = ext
n
Ind(A)(A, Bγ) for each γ ∈ Γ by [Hub93, 2.2], and n > hdim(A) by
hypothesis.
Lemma 4.3. Let A be an essentially U-small Abelian category, ι : Db(A) → D(Ind(A)) the
natural functor 3.5, and A ∈ A. IfA is Noetherian and hdim(A) <∞, then ιA is ℵ0-presentable.
Proof. We identify A with ιA. By [Lur14, 1.4.4.1(3)], A is ℵ0-presentable in D(Ind(A))
if and only if pi0mapD(Ind(A))(A, −) : D(Ind(A)) → D(Ab) preserves U-coproducts. Let
{Kγ}γ∈Γ be a U-set of objects of D(Ind(A)) and let K :=
∐
γ∈ΓKγ . By 4.2, the hypercoho-
mology spectral sequences
Er,s2 = ext
s
Ind(A)(A, h
rK) =⇒ pi0mapD(Ind(A))(A, K[r + s])(4.3.1)
(Eγ)
r,s
2 = ext
s
Ind(A)(A, h
rKγ) =⇒ pi0mapD(Ind(A))(A, Kγ[r + s])(4.3.2)
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are uniformly bounded and hence strongly convergent for each γ ∈ Γ. As ℵ0-filtered U-
colimits are exact in the U-Grothendieck Abelian category Ind(A), they are t-exact in
D(Ind(A)), which, when combinedwith [LV06, 6.34], gives an isomorphism
⊕
γ∈Γ
(Eγ)
r,s
2 ≃
Er,s2 . It follows that the abutment of (4.3.1) is the direct sum of the abutments of the spec-
tral sequences (4.3.2)γ and the canonical morphism
⊕
γ∈Γ
pi0mapD(Ind(A))(A, Kγ)→ pi0mapD(Ind(A))(A, K)
is an isomorphism, as required.
Definition 4.4. Let C be a stable qcategory and G ⊆ C a full subqcategory. If X ∈ C is a
zero object whenever mapC(G[n], X) is contractible for each G ∈ G and each n ∈ Z, then we
say that G generates C as a stable qcategory or we say that G is a generating family in C.
This definition—a direct translation of the notion of a generating family in a triangu-
lated category as developed in [Nee01]—is not equivalent to the one introduced before
Corollary 1.4.4.2 in [Lur14]. Assuming C admits sufficiently large coproducts, a gener-
ating family G in our sense induces a generator G :=
∐
G×ZG[n] in J. Lurie’s sense. The
classical definition is better adapted to a discussion of presentability: if C is locally U-
presentable and each G∈ G is ℵ0-presentable, then X is almost never ℵ0-presentable, even
if G is spanned by a single object.
Proposition 4.5. Let A be an essentially U-small Abelian category and G := {A[n] | A ∈
A, n ∈ Z}, where A[n] denotes the cochain complex in Ind(A) given by A and concentrated in
degree −n. IfA is Noetherian and hdim(A) <∞, then G is a generating family of ℵ0-presentable
objects in D(Ind(A)).
Proof. The ℵ0-presentability assertion follows from 4.3. That G is a generating family fol-
lows from the observation that, if hnK , 0 for some n ∈ Z and dn : Kn → Kn+1 denotes the
differential of K, then the canonical morphism of complexes ker(dn)→ K is not equivalent
to the zero morphism inD(Ind(A)), where ker(dn) is seen as a complex concentrated in de-
gree n. Up to translation, ker(dn) ∈ Ind(A) and ker(dn) therefore admits a morphism from
an element of G which is not equivalent to the zero morphism in D(Ind(A)) by definition
of Ind(A).
Proposition 4.6. Let A be an essentially U-small Noetherian Abelian category such that
hdim(A) <∞, and ι :Db(A) →֒D(Ind(A)) the natural functor (3.5). For each K ∈D(Ind(A)),
the following are equivalent:
(i) K is equivalent to an object of the smallest idempotent-complete stable subqcategory of
D(Ind(A)) containing the generating family G of 4.5;
(ii) K belongs to Db(A);
(iii) K is ℵ0-presentable.
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In particular, ι induces an equivalence Ind(Db(A)) ≃ D(Ind(A)) and D(Ind(A)) is locally ℵ0-
presentable.
Proof. By 3.5, ι is exact and fully faithful. This justifies the abuse in (ii) of identifying
Db(A) with its essential image under ι. Since Db(A) is an idempotent-complete stable
subqcategory ofD(Ind(A)), (i) implies (ii).
By 4.3, the elements of G are ℵ0-presentable. In terms of the natural t-structure on
Db(A), this means that each object of D(Ind(A)) whose cohomology is concentrated in a
single degree and given by an object A ∈ A is ℵ0-presentable. Using the fiber sequences
associated with the truncation functors for the natural t-structure and the fact that each
finite colimit of ℵ0-presentable objects is ℵ0-presentable, this proves by induction that
each K ∈D(Ind(A)) whose cohomology objects are concentrated in finitely many degrees
and belong to A is ℵ0-presentable. Thus, (ii) implies (iii) by 3.5(ii).
It remains to prove (iii) implies (i). Define a chain C(0) ⊆ C(1) ⊆ · · · of full subqcate-
gories of D(Ind(A)) inductively as follows: C(0) is the full subqcategory spanned by G of
4.5; and if C(r) has been defined for some r ∈ Z, define C(r + 1) to be the full subqcate-
gory spanned by all objects arising as colimits of finite diagrams in C(r). Letting C(ω) :=⋃
r∈Z≥0
C(r), the argument of [Lur14, 1.4.4.2] now shows that Ind(C(ω)) ≃ D(Ind(A)). It
follows then from [Lur09, 5.4.2.4] that D(Ind(A))ℵ0 is an idempotent completion of C(ω).
Note that this argument relies on the fact that G is a generating family of ℵ0-presentable
objects (4.5). In any event, the idempotent completion of C(ω) is precisely the smallest
idempotent-complete stable subqcategory of D(Ind(A)) containing G and the claim fol-
lows. The equivalence Ind(C(ω)) ≃D(Ind(A)) also proves the final assertion.
Corollary 4.7. Let A⊗ be an essentially U-small K-linear symmetric monoidal Abelian cate-
gory. Suppose that A is Noetherian, hdim(A) <∞ and each object of A is ⊗-dualizable ([Lur14,
4.6.1.12]). The fully faithful functor ι : Db(A) →֒ D(Ind(A)) of 3.5 underlies a symmetric
monoidal functor and, for each K ∈ D(Ind(A)), the equivalent conditions (i), (ii) and (iii) of
4.6 are furthermore equivalent to the following:
(iv) K is ⊗-dualizable.
In particular, ι⊗ induces an equivalence Ind(Db(A))⊗ ≃D(Ind(A))⊗.
Proof. The hypothesis that each A ∈ A be ⊗-dualizable implies that the tensor product
in A⊗ is exact separately in each variable: for each A ∈ A, A⊗ (−) is both left and right
adjoint functor and therefore preserves all limits and colimits that exist in A. By 3.5(iii),
we have the desired symmetric monoidal functor ι⊗ : Db(A)⊗ →֒ D(Ind(A))⊗. It follows
from [Lur14, 1.3.4.5, 4.1.3.4] and 3.2 that we have symmetric monoidal functors
A⊗ → Cpxb(A)⊗ →Kb(A)⊗ →Db(A)⊗
whose composite sends A to A[0], and thus that G consists of ⊗-dualizable objects. The
full subqcategory spanned by the ⊗-dualizable objects is stable under finite limits and
retracts, so (i) implies (iv).
17
We claim that (iv) implies (iii). If K is ⊗-dualizable, {Lγ}γ∈Γ is a U-family of objects of
D(Ind(A)) and L :=
∐
γ∈Γ Lγ, then
pi0mapD(Ind(A))(K, L) ≃ pi0mapD(Ind(A))(1T, K
∨ ⊗ L) adjunction
≃ pi0mapD(Ind(A))
(
1A,
∐
γ∈Γ
(K∨ ⊗ Lγ)
)
≃
⊕
γ∈Γ
pi0mapD(Ind(A))(1A, K
∨ ⊗ Lγ) 4.5
≃
⊕
γ∈Γ
pi0mapD(Ind(A))(K, Lγ)
and K is therefore ℵ0-presentable.
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